Abstract. Let R be a commutative noetherian ring with unit. It is shown that certain subrings contained between the polynomial ring R[X] and the power series ring i? [^][|T]] are also noetherian. These subrings naturally arise from studying p-adic analytic variation of zeta functions over finite fields.
Introduction
Let P be a commutative noetherian ring with unit, and let R In this expansion, there is no restriction on the size of the degree dk of fk(X, Y) viewed as a polynomial in X. In Dwork's p-adic theory, one would want to study certain / such that the degree function dk is bounded by another function in k. For this purpose, let X(x) be a non-negative increasing function defined over the non-negative real numbers. It was first proved by Fulton [2] that the above question has a positive answer for certain X(x), including the power function X(x) = xr, where r > 1 is a real number. In studying p-adic analytic variations of zeta functions and Lfunctions (Dwork-Sperber [1] and Wan [5] ), one is led to analytic functions with logarithmic decay or exponential growth. In the notation here, this means that we need to study elements in the ring R[X ; Y, X] with X(x) = erx for r > 0.
Our purpose in this note is to show that R[X ; Y, X] is noetherian for a general class of functions X(x) (including the exponential function erx ). We have Theorem 1.3. Assume that there is another positive valued function p(x) > 1 such that for all sufficiently large x and y,
One checks that the exponential function X(x) = erx ( r > 0 ) satisfies inequality (1.2) for large x and y (for example, one can take p(y) = ery ). More generally, the growth function X(x) -erx' ( r > 0 and 0 < 5 < 1 ) satisfies inequality (1.2). We conclude that R[X ; Y, X] is noetherian for such X(x). Inequality (1.2) shows that X(x) grows at least as fast as linear functions and grows at most as fast as exponential functions. Thus, for the slower growing function X(x) = xr ( 0 < r < 1 ) and the faster growing function X(x) -erx* (r > 0 and s > 1 ), we do not know whether R[X; Y, X] is noetherian. In fact, our feeling in these cases is somewhat negative. We may assume that X(x) is unbounded and p(x) > 1 for all x. If X(x) satisfies (1.2) only for large x and v, then we can replace p(y) by a larger function and redefine X(x) for small x to be a suitable linear function so that X(x) satisfies (1.2) for all x > 0, y > 0 and furthermore X(0) = 0 and X(x) > 0 for x > 0. We can then normalize X(x) (multiply X(x) by a suitable constant) so that X(x) > 1 for x > 1. As we noted in the introduction, this will not change the ring R[X ; Y, X]. Our proof attempts to follow the proof as given by Fulton [2] and keep careful track of the growth conditions. Instead of using only graded rings, we also use bigraded rings. Thus, our proof combines the lowest degree argument for the case of power series rings and the highest degree argument for the case of polynomial rings (see Lang [3] ).
Let Recall the defining property for a ring to be noetherian: every ideal of the ring is finitely generated or every ascending chain of ideals stops. Let X(x) be a non-negative increasing function satisfying inequality (1.2) and the above normalization. Let J be an ideal of the ring R[X ; Y, X]. We need to prove that J is finitely generated. We deduce that Since Qn¡,n{N\ , i) (resp. frk ) is the highest degree part (in the variables X ) of the polynomial Qn(Nx , z) G MN (resp. fk £ Mk), it follows from (2.7) that the polynomial fk -2D;a(^' í)Qn(N , z) G Mk has its degree in X smaller than r. Repeating this procedure, we may assume that r < Nx. Applying the same method and using the Qv(d, i) for d < Nx, we conclude that the claim is true.
We now prove that J is generated by the finitely many elements Q(d, i) and P(k, j) in J . Let G £ J. By subtracting an P[^]-linear combination of the P(k, j), we may assume that G = X^at G* > where Gk £ Sk . We need to find finitely many elements h where in the second inequality we used the conditions X(N+k) < X(k)p(N) and p(N)> 1. The third inequality follows from our normalization that X(k-v) > 1 for all k -v > 1. By induction, we can then find the required h(d, z). Thus, / is a finitely generated ideal. The theorem is proved.
